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The paper carries 54 marks; the maximum you can score is 50.

1. a) Let f : R? — R be a continuous function such that %, g—i, ;jgy all

exist and are continuous. Let ABCD be a rectangle with AB parallel
to x-axis. Show that

O f
dx dy = f(A C)— f(B)— f(D
S la s dy = F(4) + £(C) = /(B) = /(D)
S
where if A = (z1,11), C = (22,y2) with z; < x9, y1,< yo then
S={(z,y) - ;1 <<z, 11 <y<ip} 2]
b) If further % exists and continuous show that aajgy = aa;afx on R?.
2]
2. Let g : R* — R be any C? function such that g(0) = 0, (Vg)(0) = 0.
Also let
. 53(0) 24 (0)
= 2 2
oA-(0) 54(0)

satisfy (Gy,y) > 0 for y # 0. Show that 0 is local minima for g. [6]

~ ~

3. Let g : (X,d) — (Y, m) be any function between metric spaces. Show
that ¢ is uniformly continuous iff whenever d(z,, a,) — 0 one gets

m(g(zn); gan)) — 0. [3]
4. Let f(x) = 2 for real z.

a) Let A = Ej [n, n+ X]. Show that f : A — R is not uniformly

continuous. " 1]

b) Let B = |J [n, n+ -5]. Show that f : B — R is uniformly continu-
n=3

ous. [4]

c) Give an example of a metric space (X,d), uniformly continuous

functions f,g : X — R such that the product fg is not uniformly

continuous. 2]



10.

11.

. Let A be any connected and compact subset of R with atleast two

points. Show that A = [a, b] for some a < b. 3]

a) Let A be a dense subset of (X,d) i.e every x inX is a limit of a
sequence from A. If A is connected, show that X is connected. 3]
b) Let X = {(z,sin()) : 0 <2 <1}U{(0,y) : —1<y <1} with
A = {(z, sin(2)) : 0 < 2 < 1}. Show that A is connected and X is
connected. 3]

(X, d) is said to be a completion of A if A is a dense subset of X and
X is complete. Find completion of (i) rationals of R. (ii) {(z,y) : 0 <
2t +y* <1} 2]
Let (R, D) be the reals with discrete metric D given by D(x,y) = 1 if
x#y,0if v =uy.

a) Show that {z} is open for each z.

b) if A is a connected nonempty subset of (R, D), then A has exactly
one element.

c) If A is a nonempty compact subset of (R, D), then A is a finite set.
d) Give an example of closed and bounded noncompact subset.

e) Let g: (R, D) — (R, u), where u is the usual metric on R be given
by g(z) = x. (i) Show that ¢ is a continuous function. Find subsets
A, B of (R, D) such that (ii) A is open but g(A) is not open (iii) B is
closed but g(B) is not closed. 7]

Let (X, d) be a metric space, f,g : (X,d) — R uniformly continuous.
Assume that g and f are bounded. Then the product fg is uniformly
continuous. 5]

Let (X, d) be a metric space. If A;, Ay are compact subsets of (X, d),
show that

a) A; U Ay is compact. [4]
b) A1 N Ay is a closed subset of A;. [1]
c) A; N A, is compact. 2]
a) Show that A = {1, 3, %,...} is not a compact subset of R. [1]
b) Show that B = {1,2,3,...} is not a compact subset of R. 1]
c) Let d(z,y) = 1&;3'}/‘ for x,y € R. Is A compact set in (R,d) ? Is B
compact set in (R, d)? Justify your answer. 2]



